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CONFORMALLY INVARIANT QUANTIZATION  TOWARDS
COMPLETE CLASSIFICATION
JOSEF ILHAN
Abstrat. LetM be a smooth manifold equipped with a onformal struture,
E [w] the spae of densities with the the onformal weight w andDw,w+δ the spae
of dierential operators from E [w] to E [w + δ]. Conformal quantization Q is a
right inverse of the priniple symbol map on Dw,w+δ suh that Q is onformally
invariant and exists for all w. This is known to exists for generi values of δ.
We give expliit formulae for Q for all δ out of the set of ritial weights Σ. We
provide a simple desription of this set and onjeture its minimality.
1. Introdution
The notion of quantization originates in physis. Here we view it as quest for
a orrespondene between a spae of dierential operators and the orresponding
spae of symbols. More speially, onsider the spae D0 of dierential operators
ating on smooth funtions on a smooth manifold M and the spae of symbols
S0. Quantization is a map Q0 : S0 → D0 suh that Symb ◦Q0 = id |S0 where
Symb : D0 → S0 is the prinipal symbol map. If Φ ∈ D0 of the order k has the
prinipal symbol σ then Φ−Q0(σ) ∈ D0 has the order k−1. Iterating this we obtain
the isomorphism of vetor spaes
⊕k
i=0 S
i
0
∼= Dk0 where S
i
0 = Γ(
⊙i TM) ⊆ S0 and
Dk0 ⊆ D0 is the spae of operators of order at most k. Here
⊙k
is the kth symmetri
tensor produt. We shall use the notation Qσ0 := Q0(σ).
There is no natural quantization on a M . On the other hand, e.g. a hoie
of a linear onnetion ∇ on M yields a prefered quantization in an obvious way:
if σ ∈ Sk0 and f ∈ C
∞(M), we put Qσ0 (f) = σ(∇
(k)f) where ∇(k)f is the sym-
metrized kfold ovariant derivative. Therefore there is a anonial quantization
on every pseudo-Riemannian manifold M . Motivated by this observation one an
ask whether there is a natural quantization for less rigid geometrial strutures on
M .
In this artile we study the ase when the manifold M is equipped with a
onformal struture. This was iniiated by Duval, Leomte and Ovsienko [12℄, see
also [24℄ for the projetive ase. The study of quantization for these (and related)
strutures has been very ative in reent years, we refer to the survey [25℄ and
referenes therin for the state of art.
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The onformal struture on manifoldM is a lass of pseudoRiemannian metris
[g] = {fg | f ∈ C∞(M), f > 0} on a manifold M . The homegeneous model is
the pseudosphere M = Sp,q := Sp × Sq, where (p, q) is the signature of g, the
produt of the standard metris on Sp and Sq. This is homogeneous spae for
G = SO0(p + 1, q + 1) ating on S
p,q
by onformal motions of [g] and we have
the isomorphism Sp,q ∼= G/P where P ⊆ G is the Poinare onformal group of
motions xing a point, see [8℄ for details. Then both S0 and D0 are Gmodules
and the question of onformally invariant quantization means to onstrut Q0 :
S0 → D0 whih intertwines these Gations. If we pass from S
p,q
to R
p,q
via the
stereographi projetion, we replae the Gation (whih is not dened on Rp,q) by
the innitesimal gation. The Lie algebra g ofG an be realized as a Lie algebra of
(polynomial) vetor elds on Rp,q and they at by the Lie derivative as innitesimal
onformal symmetries. The same an be done for every loally onformally at
manifold and the invariane of Q0 is given by this gation. This setting is often
taken as the starting point in the study of invariant (or equivariant) quantization
[12℄. It is natural to onsider more generally bundles of onformal densities E[w],
w ∈ R (instead just funtions) and the spae of dierential operators Γ(E[w1])→
Γ(E[w2]) denoted by Dw1,w2. Denoting by D
k
w1,w2 the spae of operators of degree
≤ k, the orresponding bundle of kth degree symbols is then Skδ = (
⊙k TM) ⊗
E[δ] ∼= Dkw1,w2/D
k−1
w1,w2 where δ = w2 − w1. Note this is the notation used in the
onformally invariant alulus; the spae of densities an be also dened as Fλ =
Γ(⊗λ(
∧n T ∗M)) where ∧n T ∗M → M is the determinant bundle, n = dim(M).
Then one has the relation Γ(E[−nw]) = Fw.
Summarizing, the question in the onformally at ase is whether for a given
δ ∈ R there is an isomorphism of sop+1,q+1-modules
(1) Qδ : Sδ −→ Dw,w+δ
for all w ∈ R where Sδ = (
⊙
TM) ⊗ E[δ]. That is, the orresponding bilinear
dierential operator Qδ : Sδ × E [w] → E [w + δ] is onformally invariant. It turns
out the answer is positive for a generi weight δ. More preisely, it is shown in [12℄
that if δ 6∈ Σ˜ where Σ˜ is the set of ritial weights from [12℄ then the onformal
quantization Qδ exists. Note to get a omplete answer one needs to study ritial
weights for partiular irreduible omponents of Sδ.
Now we turn to the urved ase where M is a manifold with the given onformal
lass [g]. Then there are generially no innitesimal symmetries on (M, [g]) and
by invariane of the quantization Qδ : Sδ → Dw,w+δ we mean the orresponding
bilinear operator Qδ : Sδ × E [w] → E [w + δ] is given in terms of a LeviCivita
onnetion ∇ from the onformal lass, its urvature R and algebrai operations
in suh a way that Qδ does not depend on the hoie of ∇. (This is equivalent to
the sop+1,q+1-invariane on onformally at manifolds [8℄.) Using the terminology
of onformal geometry, Qδ has a urved analogue. Note there is generally no hope
for uniqueness of Qδ as the urvature an modify onformal operators in various
ways.
Let us briey summarize the development iniiated by [12℄ where the onfor-
mally at ase is onsidered. On one hand, there are several results for lower order
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ases [13, 11, 26℄. On the other hand, in the reent Kroeske's thesis [23℄, a general
problem of onstrution of onformal bilinear operators V1 × V2 → W for given
irreduible onformal bundles V1, V2 and W is solved provided onformal weights
of the bundles onerned are not ritial. In fat, the result in [23℄ is muh stronger
as it provides suh onstrution for the wide lass of paraboli geometries. Confor-
mal geometry is the most studied paraboli struture, other paraboli geometries
are e.g. projetive, ontat projetive or CR. In partiular, paraboli geometries
over all IFFTases [3℄. For onformal strutures, the ase Q0 is related to on-
strution of symmetries of dierential operators, see e.g. [14, 16℄ for the Laplae
operator. The onstrution in [23℄ is very general however it is lear how to obtain
quantization from the mahinery developed there. (The question of symbols and
possible dependene on w is not expliitly addressed there).
To lassify the onformal quantization, the two basi quastions are the minimal-
ity of the ritial set Σ in the at ase and existene (and expliit onstrution)
of Qδ for δ 6∈ Σ in the urved ase. There are (up to our knowledge) no nonexis-
tene results for ritial onformal ases on Sp,q hene the minimality is an issue.
(Σ˜ from [12℄ is not minimal as observed in [11℄ for the third order quantization.)
An expliit onstrution for urved onformal manifolds is known only traefree
symbols in Sδ [29℄.
Here we fous on the onstrution but also obtain a partial step towards min-
imality of the ritial set. The main result is Theorem 3.3 whih provides an
expliit (and indutive) formula for Qδ on all urved onformal manifolds. We
obtain the ritial set Σ whih is smaller than orresponding sets in [12℄ or [23℄
and agrees with [11℄ for the order three. Moreover, we indiate some reasons why
our set of ritial weights Σ should be minimal in Proposition 4.2. We shall disuss
minimality of this set in the follow up work [30℄ in detail.
Let us omment upon what we mean by expliit onstrution. There is obviously
no reason to ask for a formula in terms of a LeviCivita onnetion ∇ (and its
urvature) from the onformal lass. These are getting extremely ompliated
already for higher order linear onformal operators [21℄. The onformal analogue
of Riemannian ∇alulus is the trator alulus, see [1℄ for a disussion on its
origin. It is losely related to the Cartan onnetion [7, 6℄ and an be viewed as
a linear or expliit version of the Cartan onnetion. The transformation from
trators to formulae in terms of LeviCivita onnetion is given by simple rules,
see [21℄ for a omputer implementation. In Theorem 3.3 we obtain simple trator
formulae for the onformal quantization Qδ. Then we disuss the ritial set Σ in
details and onjeture its minimality, see Setion 4.
The author would like to thank Andreas ap for many fruitful disussions during
this researh.
2. Conformal geometry and trator alulus
2.1. Notation and bakground. We present here a brief summary, further de-
tails may be found in [5, 21℄. Let M be a smooth manifold of dimension n ≥ 3.
Reall that a onformal struture of signature (p, q) on M is a smooth ray subbun-
dle Q ⊂ S2T ∗M whose bre over x onsists of onformally related signature-(p, q)
4 Josef ilhan
metris at the point x. Setions of Q are metris g on M . So we may equivalently
view the onformal struture as the equivalene lass [g] of these onformally re-
lated metris. The prinipal bundle π : Q → M has struture group R+, and so
eah representation R+ ∋ x 7→ x
−w/2 ∈ End(R) indues a natural line bundle on
(M, [g]) that we term the onformal density bundle E[w]. We shall write E [w] for
the spae of setions of this bundle. We write Ea for the spae of setions of the
tangent bundle TM and Ea for the spae of setions of T
∗M . The indies here are
abstrat in the sense of [28℄ and we follow the usual onventions from that soure.
So for example Eab is the spae of setions of ⊗
2T ∗M . Here and throughout, se-
tions, tensors, and funtions are always smooth. When no onfusion is likely to
arise, we will use the same notation for a bundle and its setion spae.
We write g for the onformal metri, that is the tautologial setion of S2T ∗M⊗
E[2] determined by the onformal struture. This is used to identify TM with
T ∗M [2]. For many alulations we employ abstrat indies in an obvious way.
Given a hoie of metri g from [g], we write ∇ for the orresponding Levi-Civita
onnetion. With these onventions the Laplaian ∆ is given by ∆ = gab∇a∇b =
∇b∇b . Here we are raising indies and ontrating using the (inverse) onformal
metri. Indies will be raised and lowered in this way without further omment.
Note E[w] is trivialized by a hoie of metri g from the onformal lass, and we
also write ∇ for the onnetion orresponding to this trivialization. The oupled
∇a preserves the onformal metri.
The urvature Rab
c
d of the Levi-Civita onnetion (the Riemannian urvature)
is given by [∇a,∇b]v
c = Rab
c
dv
d
([·, ·] indiates the ommutator braket). This an
be deomposed into the totally trae-free Weyl urvature Cabcd and a remaining
part desribed by the symmetri Shouten tensor Pab, aording to
(2) Rabcd = Cabcd + 2gc[aPb]d + 2gd[bPa]c,
where [· · · ] indiates antisymmetrisation over the enlosed indies. The Shouten
tensor is a trae modiation of the Rii tensor Ricab = Rca
c
b and vie versa:
Ricab = (n − 2)Pab + Jgab, where we write J for the trae Pa
a
of P . The Cotton
tensor is dened by Aabc := 2∇[bPc]a. Via the Bianhi identity this is related to the
divergene of the Weyl tensor as follows:
(3) (n− 3)Aabc = ∇
dCdabc.
Under a onformal transformation we replae a hoie of metri g by the metri
gˆ = e2Υg, where Υ is a smooth funtion. We reall that, in partiular, the Weyl
urvature is onformally invariant Ĉabcd = Cabcd. With Υa := ∇aΥ, the Shouten
tensor transforms aording to
(4) P̂ab = Pab −∇aΥb +ΥaΥb −
1
2
ΥcΥcgab.
Expliit formulae for the orresponding transformation of the Levi-Civita on-
netion and its urvatures are given in e.g. [1, 21℄. From these, one an easily om-
pute the transformation for a general valene (i.e. rank) s setion fbc···d ∈ Ebc···d[w]
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using the Leibniz rule:
∇ˆa¯fbc···d =∇a¯fbc···d + (w − s)Υa¯fbc···d −Υbfa¯c···d · · · −Υdfbc···a¯
+Υpfpc···dgba¯ · · ·+Υ
pfbc···pgda¯.
(5)
We next dene the standard trator bundle over (M, [g]). It is a vetor bundle
of rank n+2 dened, for eah g ∈ [g], by [EA]g = E [1]⊕Ea[1]⊕E [−1]. If ĝ = e
2Υg,
we identify (α, µa, τ) ∈ [E
A]g with (α̂, µ̂a, τ̂ ) ∈ [E
A]bg by the transformation
(6)
 α̂µ̂a
τ̂
 =
 1 0 0Υa δab 0
−1
2
ΥcΥ
c −Υb 1
αµb
τ
 .
It is straightforward to verify that these identiations are onsistent upon hang-
ing to a third metri from the onformal lass, and so taking the quotient by
this equivalene relation denes the standard trator bundle EA over the onfor-
mal manifold. (Alternatively the standard trator bundle may be onstruted as
a anonial quotient of a ertain 2-jet bundle or as an assoiated bundle to the
normal onformal Cartan bundle [6℄.) On a onformal struture of signature (p, q),
the bundle EA admits an invariant metri hAB of signature (p + 1, q + 1) and an
invariant onnetion, whih we shall also denote by ∇a, preserving hAB. Up up
to isomorphism this the unique normal onformal trator onnetion [7℄ and it
indues a normal onnetion on
⊗
EA that we will also denoted by ∇a and term
the (normal) trator onnetion. In a onformal sale g, the metri hAB and ∇a
on EA are given by
(7) hAB =
0 0 10 gab 0
1 0 0

and ∇a
αµb
τ
 =
 ∇aα− µa∇aµb + gabτ + Pabα
∇aτ − Pabµ
b
 .
It is readily veried that both of these are onformally well-dened, i.e., inde-
pendent of the hoie of a metri g ∈ [g]. Note that hAB denes a setion of
EAB = EA ⊗ EB, where EA is the dual bundle of E
A
. Hene we may use hAB and
its inverse hAB to raise or lower indies of EA, E
A
and their tensor produts.
In omputations, it is often useful to introdue the `projetors' from EA to the
omponents E [1], Ea[1] and E [−1] whih are determined by a hoie of sale. They
are respetively denoted by XA ∈ EA[1], ZAa ∈ EAa[1] and YA ∈ EA[−1], where
EAa[w] = EA ⊗ Ea ⊗ E [w], et. Using the metris hAB and gab to raise indies, we
dene XA, ZAa, Y A. Then we see that
(8) YAX
A = 1, ZAbZ
A
c = gbc,
and all other quadrati ombinations that ontrat the trator index vanish. In
(6) note that α̂ = α and hene XA is onformally invariant.
The urvature Ω of the trator onnetion is dened on EC by [∇a,∇b]V
C =
Ωab
C
EV
E . Using (7) and the formulae for the Riemannian urvature yields
(9) ΩabCE = ZC
cZE
eCabce − 2X[CZE]
eAeab
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Given a hoie of g ∈ [g], the trator-D operator DA : EB···E [w]→ EAB···E [w− 1]
is dened by
(10) DAV := (n+ 2w − 2)wYAV + (n+ 2w − 2)ZAa∇
aV −XAV,
where V := ∆V + wJV . This is onformally invariant, as an be heked di-
retly using the formulae above (or alternatively there are onformally invariant
onstrutions of D, see e.g. [18℄).
The operator DA is strongly invariant. That is, it is invariant as an operator
DA : EB···E [w]→ EAB···E [w − 1]
where now we interpret ∇ in (10) as the ouple LeviCivitatrator onnetion.
Note the strong invariane is a property of a formulae, see [19, p.21℄ for a more
detailed disussion and [15, (2)℄ for an illustrative example. We shall say an oper-
ator is strongly invariant if it is lear whih formula we mean. Note omposition
of two strongly invariant operators is strongly invariant.
2.2. Trator onnetion and standard trators. Using the standard trators
XB, Z
b
B and YB, the trator onnetions takes the form
∇aYBσ = YB∇aσ + Z
b
BPabσ, σ ∈ E [w]
∇aZ
b
Bµb = −YBµa + Z
b
B∇aµb −XBPa
bµb, µb ∈ Eb[w]
∇aXBρ = Z
b
Bgabρ+XB∇aρ, ρ ∈ E [w]
(11)
whih follows from (7) (or see e.g. [21℄). More aurately, ∇ denotes the oupled
tratorLevi-Civita onnetion in expressions like in the previous display.
We shall need, more generally, to know how the omposition of several applia-
tions of the trator onnetion ats on standard trators. In fat, we shall need
this only on Rp,q. It follows from (11) (and an be veried easily by indution wrt.
k ≥ 1) that
∇(a1 . . .∇ak)YBσ =YB∇(a1 . . .∇ak)σ + ct,
∇(a1 . . .∇ak)Z
b
Bµb =− kYBδ
b
(a1
∇a2 . . .∇ak)µb + Z
b
B∇(a1 . . .∇ak)µb + ct,
∇(a1 . . .∇ak)XBρ =−
1
2
k(k − 1)YBg(a1a2∇a3 . . .∇ak)ρ+ kZ
b
Bgb(a1∇a2 . . .∇ak)ρ
+XB∇(a1 . . .∇ak)ρ+ ct
where σ ∈ E [w], µb ∈ Eb[w], ρ ∈ E [w] and t denotes terms whih involve
urvature and at most k−2 derivatives. (That is, t vanishes on Rp,q.) Here and
below, (. . .) denotes symmetrization of the enlosed indies and the notation (. . .)0
will denote the projetion to the symmetri trae-free part. In fat, the previous
display holds also for k = 0 if we onsider expressions with k free indies a1 · · · ak
simply being absent for k = 0. Heneforth we shall use this onvention. It follows
from the previous display (or an be veried by indution diretly) that for k ≥ 0
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omplete 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we obtain
∇(a1 . . .∇ak)0YBσ = YB∇(a1 . . .∇ak)0σ + ct,
∇(a1 . . .∇ak)0Z
b
Bµb =− kYBδ
b
(a1
∇a2 . . .∇ak)0µb + Z
b
B∇(a1 . . .∇ak)0µb + ct,
∇(a1 . . .∇ak)0XBρ =kZ
b
Bgb(a1∇a2 . . .∇ak)0ρ+XB∇(a1 . . .∇ak)0ρ+ ct
(12)
and for ℓ ≥ 0 we have
∆ℓYBσ = YB∆
ℓσ + ct,
∆ℓZbBµb =− 2ℓYB∇
b∆ℓ−1µb + Z
b
B∆
ℓµb + ct,
∆ℓXBρ =− ℓ(n+ 2ℓ− 2)YB∆
ℓ−1ρ+ 2ℓZbB∇b∆
ℓ−1ρ+XB∆
ℓρ+ ct
(13)
where σ ∈ E [w], µb ∈ Eb[w], ρ ∈ E [w].
3. Trator onstrution of onformal quantization and ritial
weights
We assume σa1...ak ∈ E (a1...ak)[δ] =: Sδ,k and f ∈ E [w]. Our aim is to onstrut a
quantization i.e. a dierential operator Qσδ : E [w]→ E [w+δ] with the leading term
σa1...ak∇a1 · · ·∇ak . The bundle of symbols E
(a1...ak)[δ] deomposes into irreduibles
as
E (a1...ak)[δ] =
⌊k
2
⌋⊕
i=0
E (a1...ak−2i)0 [δ + 2i]
where ⌊a⌋ denotes the lower integer part of a ∈ R. We an assume σ is irreduible
(as Qσδ is linear in σ) so
σa1...ak = σ′(a1...ak′gak′+1ak′+2 . . .gak′+2ℓ−1ak′+2ℓ), k′ + 2ℓ = k where
(σ′)a1...ak′ ∈ E (a1···ak′ )0 [δ′], δ′ = δ + 2ℓ
sine g
ab ∈ Eab[−2].
Heneforth we onsider the irreduible symbol σ′ as in the previous display. Our
aim is to onstrut a dierential operator
Qσ
′
k′,ℓ : E [w]→ E [w + δ
′ − 2l]
Qσ
′
k′,ℓ(f) = (σ
′)a1...ak′∇(a1 . . .∇ak′ )0∆
ℓf + lot
(14)
whih is onformally invariant as the bilinear operator Qk′,ℓ : E
(a1···ak′ )0 [δ′]×E [w]→
E [w + δ′ − 2l]. Here lot denotes lower order terms and we have suppressed the
parameter δ′ in the notation for Q. The reason is that we will dene the operator
Qσ
′
k′,ℓ : E [w]→ E [w+ δ
′− 2l] by a universal trator formula for all δ′ ∈ R. Then we
shall disuss when (i.e. for whih δ′) Qσ
′
k′,ℓ fails to have the required leading term.
The onstrution of Qk′,ℓ is divided into two steps  the ases ℓ = 0 and ℓ > 0.
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3.1. The quantization Qk′,0. This ase is more or less known. Here we shall
formulate it as follows.
Theorem 3.1. Let (σ′)a1...ak′ ∈ E (a1...ak′ )0 [δ′]. There is an expliit formula for the
quantization Qσ
′
k′,0 : E [w] → E [w + δ
′] with the leading term (σ′)a1...ak′∇a1 . . .∇ak′
for every weight δ′ ∈ R satisfying
(15) δ′ 6∈ Σk′,0 where Σk′,0 =
{
{−(n+ k′ + i− 2) | i = 1, . . . , k′} k′ ≥ 1
∅ k′ = 0.
Moreover, Qk′,0 is strongly onformally invariant in the following sense: if we
replae f ∈ E [w] by f ∈ T ⊗ E [w] for any trator bundle T and, in the formula
for Qk′,0, we replae the LeviCivita onnetion ating on f by the oupled Levi
Civitatrator onnetion then Qk′,0 is a onformally invariant bilinear operator
E (a1...ak′ )0 [δ′]× T ⊗ E [w]→ T ⊗ E [w + δ′].
Remark. The onformal quantization for the ase Qk′,0 was onstruted reently
in [29℄ but the strong invariane of this result is unlear. To larify this point and
to keep our presentation selfontent, we present the omplete proof here.
Proof. We shall use ertain splitting operators from E [w] and E (a1...ak′ )0 [δ′] into
symmetri tensor produts of the adjoint trator bundle E[A1A2] and their sub-
quotients. To simplify the notation, we shall introdue adjoint trator indies
A := [A1A2]. These are just abstrat indies of the adjoint trator bundle. We
shall use the notation f(AB) =
1
2
(fAB + fBA), fAB ∈ EAB for the symmetrization,
the symmetri tensor produts of the adjoint trator bundle will be denoted by
E(A1...Ak). Let us note this notation means symmetrization over adjoint indies
(not not over standard trator indies), i.e. f(AB)0 6= 0. The ompletely trae free
omponent with respet to hAB will be denoted by E(A1...Ak)0 . Note the latter
bundles are generally not irreduible trator bundles.
The skew symmetrization with the tratorXA0i denes bundle maps E(A1...Ak)0 →
EA1...[A0i Ai]...Ak . The joint kernel of all these maps for i = 1, . . . , k will be denoted by
E¯(A1...Ak)0 . Using the omplement E¯
⊥
(A1...Ak)0
⊆ E(A1...Ak)0 (via the trator metri
h), we obtain the quotient bundle E˜(A1...Ak)0 := E(A1...Ak)0/E¯
⊥
(A1...Ak)0
. One an
easily see that hoosing a metri from the onformal lass, setions of the these
have the form
F¯(A1...Ak)0 =
k∑
i=0
X
a1
A1
. . .X ai
Ai
W
Ai+1
. . .W
Ak
f¯ i(a1...ai)0 for F¯(A1...Ak)0 ∈ E¯(A1...Ak)0 ,
F˜(A1...Ak)0 =
k∑
i=0
Y
a1
A1
. . .Y ai
Ai
W
Ai+1
. . .W
Ak
f˜ i(a1...ai)0 for F˜(A1...Ak)0 ∈ E˜(A1...Ak)0
for some setions f¯ i(a1...ai)0 and f˜
i
(a1...ai)0
. Note i is not an abstrat index here.
This desribes the omposition series for E¯(A1...Ak)0 and E˜(A1...Ak)0 . (In partiular,
hoosing a metri in the onformal lass, both these bundles deompose to exatly
k+1 irreduible omponents, e.g. E¯(A1...Ak)0 = E ⊕Ea1 ⊕ . . .⊕E(a1...ak)0 .) Also note
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the latter bundle is the dual of the former one. Finally, taking the tensor produt
with density bundles, we obtain E¯(A1...Ak)0 [w] and E˜(A1...Ak)0 [w] for any w ∈ R.
Assume k′ ≥ 1. We shall start with f ∈ E [w]. For an arbitrary hosen metri
from the onformal lass, we onsider the inlusion
ι¯ : E [w] →֒ E¯(A
1
...A
k′
)0 [w], f
ι¯
7→WA
1
· · ·WA
k′
f.
Now ι¯(f) an be extended to a onformally invariant setion F¯A1...Ak′ ∈ E¯(A1...Ak′ )0 [w]
as follows: we put F¯A1...Ak′ := P¯ (C)(ι¯(f)A1...Ak′ ) where the operator P¯ (C) is a suit-
able polynomial in the urved Casimir C : E¯(A1...Ak′ )0 [w] → E¯(A1...Ak′ )0 [w] [10℄. It
follows from the omposition series for E¯(A1...Ak′ )0 [w] that the degree of the poly-
nomial P¯ is k′. Let us ompute the highest order term of P¯ (C)
(
WA1 · · ·WAk′f
)
.
For this it is suient to work on R
n
with the standard metri. Then if P is a
polynomial of degree r, 0 ≤ r ≤ k′ then there is a (degree r) polynomial p suh that
P (C)
(
WA1 · · ·WAk′f
)
= WA1 · · ·WAk′p(w)f+. . .+X
a1
(A1
. . .X ar
Ar
W
Ar+1
· · ·W
A
k′
)∇(a1 · · ·∇ar)0f
up to a (nonzero) salar multiple. This an be easily veried by the indution.
Putting r := k′, there is a k′order polynomial p¯(w) suh that
(16) F¯A1...Ak′ = WA1 · · ·WAk′ p¯(w)f + . . .+ X
a1
(A1
. . .X
ak′
A
k′
)∇(a1 · · ·∇ak′ )0f
up to a nonzero salar multiple.
The splitting for (σ′)a1...ak′ ∈ E (a1...ak′ )0 [δ′] is analogous. We shall start with the
inlusion
ι˜ : E (a1...ak′ )0 [δ′] →֒ E¯(A1...Ak′ )0 [δ
′], (σ′)a1...ak′
ι˜
7→ Y a1
A1
· · ·Y
ak′
A
k′
(σ′)a1...ak′
for a hosen metri in the onformal lass. Then we apply a suitable polyno-
mial operator in the urved Casimir to obtain a onformally invariant extension
F˜A1...Ak′ := P˜ (C)(ι˜(σ
′)A1...Ak) ∈ E˜(A1...Ak)0 [δ
′]. A similar reasoning as above shows
that P˜ has order k′ and
(17)
F˜A1...Ak′ = YA1a1 · · ·YAk′ak′ p˜(δ
′)(σ′)a1...ak′+. . .+W(A1 . . .WAk′ )∇(a1 · · ·∇ak′ )0(σ
′)a1...ak′
on Rn for a polynomial p˜ of the order k′. In this ase we need to know p˜(δ′)
expliitly; following [10℄ we omputes
p˜(δ′) =
k′∏
i=1
(δ′ + n+ k′ + i− 2).
In fat, analogues of this splitting are wellknown, see e.g. [23, 6.2.3℄ or [31, 2.1.4℄.
In the last step we use the duality between E¯(A1...Ak)0 and E˜(A1...Ak)0 . From this
it follows that that Qσ
′
k′,0(f) := F˜
A1...Ak′ F¯A1...Ak′ is a onformally invariant bilinear
operator. Considering Qσ
′
k′,0 as a linear operator E [w]→ E [w + δ
′], it follows from
(16) and (17) that
F˜A1...Ak′ F¯A1...Ak′ = p˜(δ
′)(σ′)a1...ak′∇(a1 · · ·∇ak′ )0f + lot
where lot denotes the lower order terms.
It remains to verify the strong invariane of Qσ
′
k′,0(f). But this follows from the
fat that the urved Casimir is a strongly invariant linear dierential operator. 
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Remark. The formula for the urved Casimir operator an be easily given ex-
pliitly via trators. First we dene put HAB := hA1B1hA2B2 where we skew over
[A1A2] = A (hene also over [B1B2] = B). Sine EB is the adjoint trator bundle,
there is an inlusion EB →֒ End(T ) for any trator bundle T . This yields also
EAB →֒ EA ⊗ End(T ), the image of HAB under this inlusion will be denoted by
HA ∈ EA ⊗ End(T ). If F ∈ T , the appliation of this endomorphism will be
denoted by HA♯F ∈ EA ⊗ T . Expliitly, HA♯FC = HAC
PFP for T = EC and the
general ase T ⊆ (
⊗
EC)⊗E [w] is given by the Leibnitz rule. (We put HA♯ to be
trivial on E [w].)
If T is a trator bundle then the dierential operator
DA : T ⊗ E [w]→ T ⊗ EA[w], DA := wWA + X
a
A
∇a +HA♯
is the (onformally invariant) fundamental derivative [7℄ up to a nonzero salar
multiple. The urved Casimir C is dened as C := DADA : T ⊗ E [w]→ T ⊗ E [w].
The expliit formula for C in terms of a hosen LeviCivita onnetion from the
onformal lass an be easily obtained from the previous display.
3.2. The general ase Qk′,ℓ. Reall k
′, ℓ ≥ 0, (σ′)a1...ak′ ∈ E (a1...ak′ )0 [δ′] and f ∈
E [w], δ′, w ∈ R. We shall onstrut Qk′,ℓ by an indutive proedure. The main
step is the onstrution of Qσ
′
k′,ℓ+1 from Q
σ′
k′,ℓ.
Proposition 3.2. Fix δ′ ∈ R and assume there is an expliit onstrution of
the quantization Qσ
′
k′,ℓ : E [w] → E [w + δ
′ − 2ℓ], k′, ℓ ≥ 0 with the leading term
σa1...ak′∇a1 . . .∇ak′∆
ℓ
for every w ∈ R. Also assume Qk′,ℓ is strongly invariant in
the sense of Theorem 3.1. Then
Q˜σ
′
k′,l := D
BQσ
′
k′,ℓDB : E [w]→ E [w + δ
′ − 2(ℓ+ 1)],
Q˜σ
′
k′,ℓ(f) = −(δ
′ − ℓ)(n+ 2δ′ + 2(k′ − ℓ)− 2)σa1...ak′∇a1 . . .∇ak′∆
ℓ+1 + lot
for every w ∈ R. Here lot denotes lower order terms.
The operator Q˜k′,l : E
(a1...ak′ )0 [δ′] × E [w] → E [w + δ′ − 2(ℓ + 1)] is a onfor-
mally invariant bilinear operator. Moreover, it is strongly invariant in the sense
of Theorem 3.1. We put Qσ
′
k′,l+1 := Q˜
σ′
k′,l.
Proof. We shall start with the disussion on the invariane. SineQk′,ℓ : E
(a1...ak′ )0 [δ′]×
E [w]→ E [w+ δ′−2ℓ] is assumed to be strongly invariant (in the sense of Theorem
3.1), it is also invariant as Qk′,l : E
(a1...ak′ )0 [δ′]×EB[w]→ E [w+ δ
′− 2ℓ]. Therefore
the omposition
E (a1...ak′ )0 [δ′]×E [w]
id×DB−→ E (a1...ak′ )0 [δ′]×EB[w−1]
Qk′,ℓ
−→ E [(w−1)+δ′−2ℓ]
DB
−→ E [w+δ′−2ℓ−2]
is a onformally invariant bilinear operator. The strong invariane of Q˜k′,l follows
from the strong invariane of DB.
It remains to ompute the leading symbol of Q˜σ
′
k′,ℓ, we shall do it by a diret
omputation. The operator DB is expliitly given by the sum of three terms on
the right hand side of (10). Deomposing both appliation of trator D in the
formula for Q˜σ
′
k′,l aordingly, we obtain overall 9 leading terms. Note Q
σ′
k′,ℓDBf =
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(σ′)a1...ak′∇a1 . . .∇ak′ + lot
]
∆ℓDBf ∈ EB[w
′] where f ∈ E [w] and w′ = w + δ′ −
2ℓ− 1.
Although the trator D is of the seond order and Qσ
′
k′,ℓ is of the order k
′ + 2ℓ,
the leading term of Q˜σ
′
k′,ℓ turns out to have order k
′ + 2ℓ + 2 in the generi ase.
(We use the trator D twie so one might expet the order k′ + 2ℓ + 4.) To show
this we will ollet all terms of the order at least k′ + 2ℓ + 2. In fat, we shall
do this in details only for the leading term (σ′)a1...ak′∇a1 . . .∇ak′∆
ℓ
of Qσ
′
k′,ℓ. But
it will be obvious from the form of all 9 summands this is suient. Below we
shall use lot≤o to denote terms of the order at most o, lot<o will denotes ases of
order smaller than o. To simplify the notation we will heneforth work with the
Eulidean metri; then all terms on the right hand side of (12) and (13) denoted
by ct vanish.
We shall start with w′(n+2w′−2)Y BQσ
′
k′,ℓDBf ; deomposing DB here aording
to (10) yields rst three summands. The rst one is
w′(n+ 2w′ − 2)Y BQσ
′
k′,ℓ
[
w(n+ 2w − 2)YBf
]
=
= w′(n+ 2w′ − 2)w(n+ 2w − 2)Y B(σ′)a1...ak′∇a1 . . .∇ak′∆
ℓYBf = 0.
(18)
The reason is that the trator Y B ontrats nontrivially only with XB aording
to (8) and XB appear on the right hand side of ∇(a1 . . .∇ak′ )0∆
ℓYBf aording to
(12) and (13) involves urvature. Analogously we obtain
(19) w′(n + 2w′ − 2)Y BQσ
′
k′,ℓ[(n + 2w − 2)Z
b
B∇bf ] = 0.
Looking at the XB-terms of Q
σ′
k′,ℓ(−XB∆f), we see from (12) and (13) that
w′(n+ 2w′ − 2)Y BQσ
′
k′,ℓ[−XB∆f ] =
= −w′(n + 2w′ − 2)(σ′)a1...ak′∇a1 . . .∇ak′∆
ℓ+1f + lot≤k′+2ℓ+1.
(20)
Next we shall ompute (n + 2w′ − 2)ZBb∇bQ
σ′
k′,ℓDBf , we obtain again three
summands. This is ontration of (n + 2w′ − 2)ZbB with
∇bQ
σ′
k′,ℓDBf =
[
(∇b(σ
′)a1...ak′ )∇a1 . . .∇ak′ + (σ
′)a1...ak′∇b∇a1 . . .∇ak′
+ lot<k′
]
∆ℓDBf.
We need to disuss here only the rst two terms in the square braket here and
only Z b¯B-terms aording to (8). First, it is easy to see that
(n + 2w′ − 2)ZBb(∇b(σ
′)a1...ak′ )∇a1 . . .∇ak′∆
ℓDBf = lot≤k′+2ℓ+1.
(The omponent w(n+2w−2)YB of DB does not ontribute to the right hand side
of the previous display at all and the remaining omponents (n + 2w − 2)Z b¯B∇b¯
and −XB∆ ontribute by terms of the equal ≤ k
′ + 2ℓ + 1.) Hene it remains
to ollet Z b¯B-terms of (σ
′)a1...ak′∇b∇a1 . . .∇ak′∆
ℓDBf . Applying (10) to DB, we
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obtain three more summands. A short omputation reveals that
(n+ 2w′ − 2)ZBb(σ′)a1...ak′∇b∇a1 . . .∇ak′∆
ℓ
[
w(n+ 2w − 2)YBf
]
= 0,(21)
(n+ 2w′ − 2)ZBb(σ′)a1...ak′∇b∇a1′ . . .∇ak′∆
ℓ
[
(n+ 2w − 2)Z b¯B∇b¯f
]
=(22)
= (n+ 2w′ − 2)(n+ 2w − 2)ZBb(σ′)a1...ak′∇bZ
b¯
B∇a1 . . .∇ak′∆
ℓ∇b¯f =
= (n+ 2w′ − 2)(n+ 2w − 2)σa1...ak′∆ℓ+1f
(n+ 2w′ − 2)ZBbσa1...ak′∇b∇a1 . . .∇ak′∆
ℓ
[
−XB∆f
]
=(23)
= −(n + 2w′ − 2)ZBbσa1...ak′∇b∇a1 . . .∇ak′
[
2ℓZ b¯B∇b¯∆
ℓ +XB∆
ℓ+1
]
f =
= −(n + 2w′ − 2)ZBb(σ′)a1...ak′∇b
[
XB∇a1 . . .∇ak′∆
ℓ+1
+ Z b¯B
(
2ℓ∇a1 . . .∇ak′∇b¯∆
ℓ + k′gb¯a1∇a2 . . .∇ak′∆
ℓ+1
)]
f =
= −(n + 2w′ − 2)(2ℓ+ k′ + n)(σ′)a1...ak′∇a1 . . .∇ak′∆
ℓ+1f.
Beside the fat that ZBb ontrats nontrivially only with Z b¯B, we have used (13) to
ommute ∆ℓ with Z b¯B, (12) to ommute ∇a1 . . .∇ak′ with Z
b¯
B and (11) to ommute
∇b with Z
b¯
B.
It remains to ompute −XB∆Qσ
′
k′,ℓDBf . The omputation is analogous to pre-
vious ases but getting more tedious. First we observe
−XB∆Qσ
′
k′,ℓDBf = −X
B
[
(∆(σ′)a1...ak′ )∇a1 . . .∇ak′ + 2(∇
p(σ′)a1...ak′ )∇p∇a1 . . .∇ak′
+ (σ′)a1...ak′∇a1 . . .∇ak′∆+ lot≤k′−1
]
∆ℓDBf.
We shall disuss only the rst three terms in the square braket here. One an
ompute that
−XB
[
(∆(σ′)a1...ak′ )∇a1 . . .∇ak′+2(∇
p(σ′)a1...ak′ )∇p∇a1 . . .∇ak′
]
∆ℓDBf = lot≤k′+2ℓ+1
so it remains to ompute only −XB(σ′)a1...ak′∇a1 . . .∇ak′∆
ℓ+1DBf . This yields
three summands aording to (10). After some omputation we obtain
−XB(σ′)a1...ak′∇a1 . . .∇ak′∆
ℓ+1
[
w(n+ 2w − 2)YBf
]
=(24)
= −w(n+ 2w − 2)(σ′)a1...ak′∇a1 . . .∇ak′∆
ℓ+1f,
−XB(σ′)a1...a′k∇a1 . . .∇a′k∆
ℓ+1
[
(n + 2w − 2)Z b¯B∇b¯f
]
=(25)
= −(n + 2w − 2)XB(σ′)a1...ak′∇a1 . . .∇ak′[
−2(ℓ+ 1)Y B∇ b¯∆ℓ∇b¯ + Z
b¯
B∇b¯∆
ℓ+1
]
f =
= −(n + 2w − 2)
[
−2(ℓ+ 1)− k′
]
(σ′)a1...ak′∇a1 . . .∇ak′∆
ℓ+1f,
−XB(σ′)a1...ak′∇a1 . . .∇ak′∆
ℓ+1
[
−XB∆f
]
= XBσa1...ak′∇a1 . . .∇ak′(26) [
−(ℓ+ 1)(n+ 2ℓ)YB∆
ℓ+1 + 2(ℓ+ 1)Z b¯B∇b¯∆
ℓ+1 +XB∆
ℓ+2
]
f =
=
[
−(ℓ+ 1)(n+ 2ℓ)− 2k′(ℓ+ 1)
]
(σ′)a1...ak′∇a1 . . .∇ak′∆
ℓ+1f.
The last step of the proof is to sum up the right hand sides of 9 relations (18),
(19), (20), (21), (22), (23) and (24), (25), (26) above. That is, we need to ompute
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the salar
−w′(n+ 2w′ − 2) + (n+ 2w′ − 2)(n+ 2w − 2)− (n+ 2w′ − 2)(2ℓ+ k′ + 1)
−w(n+ 2w − 2) + (n+ 2w − 2)(2ℓ+ k′ + 2)− (ℓ+ 1)(n+ 2ℓ+ 2k′)
where w′ = w + δ′ − 2ℓ− 1. This requires some work, the result is −(δ′ − ℓ)(n +
2δ′ + 2k′ − 2ℓ− 2) and the proposition follows. Note the resulting salar does not
depend on w; this is a good veriation that the omputations throughout the
proof are orret. 
Theorem 3.3. Let k′, ℓ ≥ 0, (σ′)a1...ak′ ∈ E (a1...ak′ )0 [δ′] and f ∈ E [w], δ′, w ∈ R.
Then
Qσ
′
k′,ℓ := D
B1 · · ·DBk′Qσ
′
k′,0DBk′ · · ·DB1 : E [w]→ E [w + δ
′ − 2ℓ]
denes the onformally invariant quantization with the leading term (σ′)a1...ak′∇a1 . . .∇ak′∆
ℓ
(up to a sign) for every weight δ′ satisfying
(27) δ′ 6∈ Σk′,ℓ := Σk′,0 ∪ Σ
′
k′,ℓ ∪ Σ
′′
k′,ℓ
where Σk′,0 is given by (15),
(28)
Σ′k′,ℓ = {(j−1) | j = 1, . . . , ℓ}, Σ
′′
k′,ℓ = {−
1
2
(n+2k′−2j) | j = 1, . . . , ℓ} for ℓ ≥ 1.
We put Σ′k′,0 = Σ
′′
k′,0 := ∅. Moreover, Q
σ′
k′,ℓ is strongly invariant in the sense of
Theorem 3.1.
Proof. The set of ritial weights Σk′,ℓ easily follows (by indution with respet to
ℓ) from Proposition 3.2. Sine the trator D and Qσ
′
k′,0 are strongly invariant, the
last laim is obvious. 
Remark. Let us note the previous theorem yields an indutive formula for the
onformal quantization as Qσ
′
k′,ℓ+1 = D
BQσ
′
k′,ℓDB. Similarly, we an desribe the set
of ritial weights indutively as Σk′,ℓ+1 = Σk′,ℓ ∪ {ℓ,−
1
2
(n+ 2k′ − 2ℓ− 2)} where
Σk′,0 is given by (15).
4. Critial weights
We shall disuss the ases δ′ ∈ Σk′,ℓ from (27) in detail. First, a simple alula-
tion shows
Lemma 4.1. (i) 2ℓ 6∈ Σk′,ℓ for all k
′, ℓ ≥ 0.
(ii) The sets Σk′,0 and Σ
′
k′,ℓ ∪ Σ
′′
k′,ℓ are disjoint. 
The symbols of the quantization E [w] → E [w] (i.e. with zero shift) are of a
speial interest [12℄. The at quantization developed there is never ritial for
suh symbols [12, 3.1℄. The previous lemma (i) reovers this observation for the
urved quantization Qσ
′
k′,ℓ.
The ritial weights are losely related to existene to natural linear onformal
operators. They are ompletely lassied in the loally at ase [2, (3.1)℄ (or see
the summary in [17, Setion 3℄). Using this we obtain
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Proposition 4.2. Assume the manifold M is onformally at. If δ′ ∈ Σk′,ℓ then
there exists a nontrivial natural linear onformal operator on E (a1...ak′ )0 [δ′] as fol-
lows
E (a1...ak′ )0 [δ′] −→ E (a1...ai−1)0 [δ′], δ = −(n+ k′ + i− 2) ∈ Σk′,0,
E (a1...ak′ )0 [δ′] −→ E (a1...ak′+j)0 [δ′ − 2j], δ′ = j − 1 ∈ Σ′k′,ℓ,
E (a1...ak′ )0 [δ′] −→ E (a1...ak′ )0 [δ′ − 2j], δ′ = −
1
2
(n+ 2k′ − 2j) ∈ Σ′′k′,ℓ.
The ase δ′ ∈ Σk′,0 is a divergene type operator of the order k
′−i+1, δ′ ∈ Σ′k′,ℓ is
the onformal Killing operator of the order j and δ′ ∈ Σ′′k′,ℓ yields a Laplaian type
operator of the order 2j. Note this operator is not unique as generally Σ′k′,ℓ∩Σ
′′
k′,ℓ 6=
∅.
The operator Qσ
′
k′,ℓ does not provide a onformally invariant quantization for
δ′ ∈ Σk′,ℓ. Suh a quantization an exists, though, for ertain w, as observed
in lower order ases [13, 11℄. (Note it is not unique even in the at ase then.)
Assuming δ′ ∈ Σk′,ℓ, we shall nd suh w for all k
′, ℓ in the at setting; the urved
ase is more involved. In partiular, it is losely related to existene of natural
linear onformal operators
Sp : E [p− 1] −→ E(a1...ap)0 [p− 1], Lp : E [−n/2 + p] −→ E [−n/2− p],
Sp(f) = ∇(a1 . . .∇ap)0f + lot, Lp(f) = ∆
pf + lot,
for p ≥ 1 (so p is not an abstrat index here). If n is odd or M is onformally at,
these operators exist for all p ≥ 1. In the urved ase for n even, Sp exists for all
p ≥ 1 and Lp exists for 1 ≤ p ≤ n, see [9, 22, 20℄. They are strongly invariant (an
be given by a strongly invariant formula) in the at ase; in the urved ase, Sp is
strongly invariant always and Lp only for p < n.
Theorem 4.3. Assume δ′ ∈ Σk′,ℓ and f ∈ E [w]. Then there is always a hoie of
w ∈ R for whih there is a quantization Qσ
′
k′,ℓ : E [w] → E [w + δ] with the leading
term (σ′)a1...ak′∇a1 . . .∇ak′∆
ℓf in the at ase. This is true also on urved manifols
under an additional assumption ℓ ≤ n.
Expliitly, the quantization is given by formulae
Qσ
′
k′,0Lℓ : E [−n/2 + ℓ]→ E [δ
′ − n/2− ℓ], δ′ ∈ Σ′k′,ℓ ∪ Σ
′′
k′,ℓ
DB1 · · ·DBℓι(σ′)Sk′DB1 · · ·DBℓ : E [k
′ + ℓ− 1]→ E [δ′ + k′ − ℓ− 1], δ′ ∈ Σk′,0
where ι(σ′) is the omplete ontration of the image of Sp with σ
′
.
Proof. The onformal invariane is obvious (reall Sk′ has the soure spae E [k
′−1]
and is strongly invariant). It remains to verify the displayed operators have the
required leading term (up to a nonzero multiple). In the ase δ′ ∈ Σ′k′,ℓ ∪ Σk′,ℓ,
this follows from the leading term of Lℓ, properties of Q
σ′
k′,0 in Theorem 3.3 and
Lemma 4.1 (ii).
Assume δ′ ∈ Σk′,0 and denote by Q
σ′
k′,ℓ the displayed operator for suh δ
′
. We
need to ompute the leading term of Q
σ′
k′,ℓ. Observe the generi quantization Q
σ′
k′,ℓ
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is onstruted in a similar way as Q
σ′
k′,ℓ  only the subfator Q
σ′
k′,0 of Q
σ′
k′,ℓ (see the
display in Theorem 3.3) is replaed by ι(σ′)Sk′ in Q
σ′
k′,ℓ. It is mentioned in the proof
of Proposition 3.2 that only the term (σ′)a1...ak′∇a1 . . .∇ak′∆
ℓ
ofQσ
′
k′,ℓ ontributes to
the generi leading term (σ′)a1...ak′∇a1 . . .∇ak′∆
ℓ+1
of Q˜σ
′
k′,ℓ, see Proposition 3.2 for
the notation. However ι(σ′)Sk′ has the leading term (σ
′)a1...ak′∇a1 . . .∇ak′ for δ
′ ∈
Σk′,0 as well as Q
σ′
k′,0 for δ
′ 6∈ Σk′,0. It follows that Q
σ′
k′,ℓ has (σ
′)a1...ak′∇a1 . . .∇ak′∆
ℓ
as the leading term for all δ′ ∈ Σ′k′,ℓ ∪ Σ
′′
k′,ℓ. Using Lemma 4.1(ii) the theorem
follows. 
Remark. As expeted, the quantization used in the previous Proposition is not
unique. If, for example, δ′ ∈ Σ′k′,ℓ ∪ Σ
′′
k′,ℓ but δ
′ 6∈ Σ′k′,ℓ0 ∪ Σ
′′
k′,ℓ0
for some ℓ0 < ℓ,
one an use also the operator Qσ
′
k′,ℓ0
Lℓ−ℓ0 whih is invariant on E [−n/2 + ℓ − ℓ0].
(A similar idea an be used for δ′ ∈ Σk′,0.)
5. Comparision with related results
There are several related results onerning onformal quantization either in
the at ase [12℄ or in lower order urved ases [13, 11, 26℄. On the other hand,
onformal quantization is a speial ase of bilinear operators onstruted in [23℄.
We disuss [23℄ and [12℄ in more details here.
In the groundbreaking Kroeske's thesis [23℄, a general onstrution of invariant
bilinear operators (or invariant pairing) for (urved) paraboli geometries is de-
veloped. However, we require that Qσ
′
k′,ℓ : E [w] → E [w + δ
′] is dened for every
w ∈ R whereas the onstrution in [23℄ generally yields ouples of ritial weights
(δ′, w). Considering the onformal ase, it is probably possible to obtain the quan-
tization on densities from the detailed exposition in [23, Setion 5℄ with some set
of ritial weights. Our onstrution of the bilinear operator Q is muh simpler as
it is designed to the speial ase needed here.
In [12℄, the study of onformal quantization was initiated. The set of ritial
weights (as a subset of resonant weights) agrees with our result up to the order
2. In the order 3, also the ritial ase E (a1a2a3)[δ] where δ = −2
3
(n+ 2). (Note we
have used E [−nw] = Fw (f. the introdution) to pass to our notation. In fat, the
value
2(n+2)
3n
is obtained by the hoie (k, l, s, t) = (3, 0, 1, 0) in [12, (3.7)℄, see also
[12, Theorem 3.5,3.6℄.) E (a1a2a3)[δ] has two irreduible omponents, in partiular
E (a1a2a3)0 [δ] and Ea[δ + 2]. However δ 6∈ Σ3,0 and δ + 2 6∈ Σ1,1 for δ = −
2
3
(n + 2)
and generi n. Note there is no nontrivial natural linear at onformal operator
on Ea[δ + 2] or E (a1a2a3)0 [δ] in generi dimensions.
It seems plausible the ritial set Σk′,ℓ is minimal for onformal quantization with
the orresponding leading term. Although no non-existene results for higher or-
ders are known (up to our knowledge), we onjeture that if (σ′)a1...ak′ ∈ E (a1...ak′ )0 [δ′],
δ′ ∈ Σk′,ℓ then there is no onformal quantization E [w]→ E [w + δ
′ − 2ℓ] with the
leading term σa1...ak′∇a1 . . .∇ak′∆
ℓ
for generi w ∈ R. The minimality is losely
related to Proposition 4.2 and Theorem 4.3. In partiular, we expet a version of
Proposition 4.2 to be a neessary ondition for nonexistene.
16 Josef ilhan
6. Examples
The trator formulae are easily rewritten to the usual formulae in the Levi
Civita ovariant derivative and its urvature. We shall demonstrate this on the
quantization of the order three (whih in fat known [11℄). There are two irre-
duible leading terms:
Example 6.1. We shall start with the ase (σ′)abc∇a∇b∇c where (σ
′)abc ∈ E (abc)0 [δ′].
We shall avoid the general result from [23℄ as one an diretly verify the dierential
operators
(σ′)abc 7→MABCa b c (σ
′)abc := (n+ δ′ + 2)(n+ δ′ + 3)(n+ δ′ + 4)ZAaZ
B
b Z
C
c (σ
′)abc
− 3(n+ δ′ + 2)(n+ δ′ + 3)X(AZBb Z
C)
c ∇p(σ
′)pbc
+ 3(n+ δ′ + 3)X(AXBZC)c
(
∇p∇q + (n + δ
′ + 4)Ppq
)
(σ′)pqc
−XAXBXC
[
∇p
(
∇q∇r + (n+ δ
′ + 4)Pqr
)
+ 2(n+ δ′ + 3)Ppq∇r
]
(σ′)pqr
and
f 7→ D˜ABCf :=w(w − 1)(w − 2)YAYBYCf
+ 3(w − 1)(w − 2)Y(AYBZ
c
C∇cf
+ 3(w − 2)Y(AZ
(b
BZ
c)0
C)
(
∇b∇c + wPbc
)
+ Z
(a
(AZ
b
BZ
c)0
C)
[
∇a(∇b∇c + wPbc) + 2(w − 1)Pbc∇a
]
f
where f ∈ E [w]. One easily veries diretly they are onformally invariant. (Note
the M is a speial ase of the middle operator from [31, 2.1.4℄.).
The target spae of the operator MABCa b c is a subbundle of E
(ABC)[δ′ + 3] and
target spae of D˜ABC is a quotient of E(ABC)[w − 3]. These two target spaes are
dual to eah other via the trator metri h. Thus the ontration
f 7→
(
MABCa b c (σ
′)abc
)
D˜ABCf =(n+ δ
′ + 2)(n+ δ′ + 3)(n+ δ′ + 4)
(σ′)abc[∇a(∇b∇c + wPbc) + 2(w − 1)Pbc∇a]f + lot
where lot means lower order terms, is onformally invariant. Note the we see
diretly from (8) whih terms of MABCa b c (σ
′)abc and D˜ABCf ontrat nontrivially
with eah other.
Example 6.2. Another possible leading term in the third order is (σ′)b∇b∆,
(σ′)b ∈ E b[δ′]. Also this ase an be solved without the general formula in Theorem
3.3. Similarly as in the previous example, we shall start with the onformally in-
variant operator (σ′)b 7→MBb (σ
′)b := (n+ δ′)ZBb (σ
′)b−XA∇p(σ
′)p. Next we apply
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the operator DA and symmetrize over the trator indies. Overall we obtain
(σ′)b 7→MBb (σ
′)b 7→ D(AM
B)
b (σ
′)b = δ′(n+ δ′)(n+ 2δ′)Y (AZ
B)
b (σ
′)b
+ (n + 2δ′)Z(Aa Z
B)
b
[
(n + δ′)∇(a(σ′)b)0 +
1
n
δ′gab∇p(σ
′)p
]
− δ′(n+ 2δ′)X(AY B)∇p(σ
′)p
−X(AZ
B)
b
[
(n+ 2δ′ − 2)
(
∇b∇p + (n + δ
′)P bp
)
(σ′)p + (n+ δ′)
(
∆+ (δ′ + 1)J
)
(σ′)b
]
+X(AXB)
[(
∆+ δ′J
)
∇p + (n+ δ
′)
(
(∇pJ) + 2Ppq∇
q
)]
(σ′)p
after some omputation using (10). The target spae of D(AM
B)
b is a subbundle
of E (AB)[δ′]. Hene we need an operator whih takes f ∈ E [w] in to the dual of
this target spae. Naively, we an use DADBf but this would kill the leading
term (σ′)p∇p∆ for w = −
n
2
+ 2. In fat, the dual (up to a onformal weight)
to D(AM
B)
b (σ
′)b is a quotient of DADBf whih we denote by T˜ABf . After some
omputation, we obtain that
f 7→T˜ABf := w(w − 1)(n+ 2w − 2)YAYBf+
+ 2(w − 1)(n+ 2w − 2)Y(AZ
b
B)∇bf
+ Z a(AZ
b
B)
[
(n+ 2w − 2)
(
∇(a∇b)0 + wP(ab)0
)
+
2
n
(w − 1)gab
(
∆+ wJ
)]
f
− 2(w − 1)X(AYB)
(
∆+ wJ
)
f
− 2X(AZ
b
B)
[
∇b
(
∆+ wJ
)
+ (n + 2w − 2)Pb
p∇p
]
f
is onformally invariant. Summarizing, we obtain the onformally invariant quan-
tization on E [w] by
f 7→
(
D(AM
B)
b (σ
′)b
)
TABf =
= −δ′(n + δ′)(n+ 2δ′)(σ′)b
[
∇b
(
∆+ wJ
)
+ (n+ 2w − 2)Pb
p∇p
]
f + lot
where lot denotes lower order terms.
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